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Network Coding-Based Block
Acknowledgement Scheme for Wireless
Regenerative Relay Networks
Quoc-Tuan Vien, Huan X. Nguyen,
Jinho Choi, Brian G. Stewart, and Huaglory Tianfield

Abstract
This paper is concerned with block acknowledgement (ACK) mechanisms in wireless regenerative relay networks. In an N -relay network, a total of (2N + 1) block ACK packets is required to
acknowledge the data transmission between source and destination nodes via the N relay nodes. In
this paper, we propose a block ACK scheme based on network coding (NC) to significantly reduce the
acknowledgement overheads by N block ACK packets. In addition, this achieves a reduction of N (N −1)
computational operators. Particularly, we derive the error probability of the determination of the packets
to be retransmitted at the source and relays, which shows that the NC-based scheme also improves the
reliability of block ACK transmissions. Furthermore, asymptotic signal-to-noise (SNR) scenarios for
forward links are considered and a general expression of error probability in multi-relay networks is
derived for each SNR scenario. Finally, simulation results are presented to verify the analytical findings
and demonstrate a lower number of data retransmissions for a higher system throughput.
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I. I NTRODUCTION
Positive acknowledgement (ACK) with retransmission is a communication protocol designed
to assure the reliability of data packet transmission over wireless channels that suffer from
fading and background noise. This protocol requires the receiver to send an ACK packet to the
transmitter to confirm the successful reception of each data packet. Although the transmission
reliability is improved by using the ACK protocol, overall throughput is significantly reduced
due to frequent transmissions of small-sized ACK packets [1]. To address this issue, a block
ACK mechanism is employed in the IEEE 802.11e standard to reduce the overhead required
at each node [2]. A block ACK aggregates multiple ACK packets into a single ACK packet to
acknowledge a group of received data packets. This aggregation of block ACK packets improves
the overall throughput by reducing the arbitrary inter-frame spacing periods, the backoff counter
time, and the acknowledgement time. Recently, new medium access control (MAC) amendments
based on package aggregation techniques [3] and block ACK mechanisms [4] have been proposed
for the IEEE 802.11n standard [5] to improve further the throughput. However, existing block
ACK schemes are generally restricted to one-to-one communications.
In parallel, there has been a growing interest in relaying techniques which are aimed to extend
the coverage of wireless networks with spatial diversity gains [6]–[8]. In wireless relay networks,
assume the transmission from source node S to destination node D is carried out with the aid of
N relay nodes R(N ) = {R1 , R2 , . . . , RN } in an orthogonal decode-and-forward manner, where
Rn denotes the nth relay node. While block ACK mechanisms were originally proposed for
one-to-one communications, using block ACK in wireless relay networks is more complicated
because each relay node in R(N ) has to send block ACK packets for links S → R(N ) to S,
and D has to send block ACK packets for links R(N ) → D to R(N ) and send a block ACK
packet for link S → D to S [9], [10]. These will result in a total of (2N + 1) block ACK
packets. Furthermore, the resulting simultaneous retransmissions of the same packets at S and
R(N ) can considerably degrade the network throughput. To solve this problem, a cooperative
retransmission scheme was proposed in [11], i.e., S only retransmits the corrupted packets at
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both R(N ) and D, and, R(N ) helps S retransmit the rest of the corrupted packets at D. However,
the overall throughput of this cooperative network still suffers from having to send and process
(2N + 1) block ACK packets at S, R(N ) , and D.
In this paper, we propose a new block ACK scheme based on network coding (NC) for
wireless regenerative relay networks. Our proposed NC-based block ACK scheme will not only
reduce the number of block ACK packets but also improve the reliability of determination of
packets to be retransmitted1 . This NC-based scheme will thus minimize the number of data
retransmissions for an improved system throughput with a lower complexity in comparison
with the non-NC-based block ACK scheme2 . NC was initially used to increase the system
throughput for a lossless network [12], and was later applied to two-way relay channels [13]
and peer-to-peer communications [14]. The basic idea of our proposed NC-based scheme is that
D combines all the block ACK packets for links R(N ) → D and S → D to create a combined
block ACK packet. Thus, the total number of block ACK packets decreases to (N + 1) through
this combination. After this combined block ACK packet is received along with the block ACK
packets for links S → R(N ) , the question becomes - How can S and R(N ) determine the packets
to be retransmitted to D? As we will show later, thanks to NC, the packets to be retransmitted
can be determined by performing simple bitwise XOR and/or AND operators on the received
block ACK packets at S and R(N ) . Our analysis will also show that the reduction of the number
of block ACK packets not only improves the reliability of the determination of packets to be
retransmitted at the source and relay nodes, but also incurs a lower complexity compared to the
non-NC-based block ACK scheme by a reduction of N (N − 1) computational operations.
Another contribution of this paper is that we will derive closed-form expressions for the
probability of error in the determination of the packets to be retransmitted at S and R1 over
Rayleigh flat fading channels in a one-relay network. To the best of our knowledge, this has
not yet been derived. The error probabilities are derived with respect to the signal-to-noise ratio
(SNR) of the forward and backward links. The derived closed-form expressions manifest not
only the effect of channel links on the determination of packets to be retransmitted but also the
1

We limit our work to the phases of generation and detection of acknowledgement information only. For full MAC protocols,

readers are referred to standard references, e.g., [5].
2

The non-NC-based block ACK scheme is referred to as a scheme where R(N ) sends N block ACK packets to S, and D

sends (N + 1) block ACK packets to R(N ) and S.

4

1

2

. . .
First time slot
N

Fig. 1.

Second time slot

Two-hop relay network.

higher reliability of our proposed NC-based block ACK scheme over the non-NC-based scheme.
In order to gain insights into our proposed NC-based block ACK scheme, we will consider some
extreme scenarios for the forward links. For each scenario, we will derive an approximate general
expression for the error probability in multi-relay networks. Simulations are then presented to
verify the advantages of the proposed NC-based block ACK scheme. The simulation results are
shown to be consistent with the numerical results in the three extreme scenarios and reflect the
improved reliability in the determination of packets to be retransmitted using our proposed NCbased block ACK scheme compared with the non-NC-based scheme. Furthermore, the higher
reliability of our proposed NC-based block ACK scheme results in a significant reduction in the
average number of data retransmissions at all nodes, which is verified through the simulation
results.
The rest of this paper is organized as follows: In Section II, we describe the system model of
a typical two-hop regenerative relay network. The fundamental of our proposed NC-based block
ACK scheme is presented in Section III in contrast with the non-NC-based block ACK scheme.
Section IV presents an analysis of the probability of error in the determination of packets to be
retransmitted at S and R. Numerical results are given in Section V and Section VI draws the
main conclusions of the paper.
II. S YSTEM M ODEL
Fig. 1 illustrates a typical two-hop regenerative relay network where the data transmission
from source node S to destination node D is accomplished by a two-hop protocol with the
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assistance of a group of N relays R(N ) = {R1 , R2 , . . . , RN }. In this two-hop regenerative
cooperation scheme, S transmits data sequences continuously to R(N ) and D in the first hop. In
the second hop, R(N ) decode and forward the received data sequences to D. We assume that S
sends data sequences in the form of aggregated frames, each consisting of W data packets. An
aggregated ACK packet, i.e., block ACK packet, of length K (in bits) is used to report the status
of each frame where bits ‘0’ and ‘1’ represent the data packet being correctly received and the
packet being lost or erroneously received, respectively. For the sake of simplicity, we omit the
bits used for overhead and other signalling information in block ACK packets, and assume that
the length of each block ACK packet in bits is equal to the number of packets in a data frame,
i.e., K = W . For convenience, let ΘAB denote the W -bit block ACK packet that is generated
at node B and sent to node A to acknowledge a frame of W packets that are sent from A to
B, where A, B ∈ {S, D, R1 , R2 , . . . , RN }.
Fig. 2 illustrates the process of data transmission and block ACK reporting for a one-relay
network. The transmission protocol can be readily extended for multi-relay networks. In the first
hop, S transmits W packets sequentially to R(N ) and D. Then, R(N ) forwards the correctly
received packet to D in the second hop. After decoding and error-checking all the W packets
received from S, relay nodes Rj , j ∈ {1, 2, . . . , N }, and destination node D generate block ACK
packets ΘSRj and ΘSD , respectively. Meanwhile, D also attempts to decode signals forwarded
from {Rj } and then generates {ΘRj D } after checking all the W data packets.
In the non-NC-based block ACK scheme as shown in Fig. 2(a), Rj and D send the block
ACK packets ΘSRj and ΘSD , respectively, to S to acknowledge their receipt of the data packets.
Similarly, D sends ΘRj D to Rj to acknowledge the receipt of the packets forwarded by Rj .
For the purpose of cooperative retransmission, Rj needs to know which packets D has received
correctly from S. Thus, ΘSD is additionally sent to all {Rj }. In our proposed NC-based block
ACK scheme as shown in Fig. 2(b), instead of sending ΘSD and ΘRj D separately, D generates
only one combined block ACK packet, denoted as ΘD , and broadcasts it to Rj and S. Thus,
the number of block ACK packets to be sent from D decreases.
III. B LOCK ACK: N ON -NC- BASED AND P ROPOSED NC- BASED S CHEMES
In this section, we present the fundamentals of our proposed NC-based block ACK scheme
in contrast with the non-NC-based block ACK scheme.
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Protocol sequence with: (a) non-NC-based block ACK scheme, (b) proposed NC-based block ACK scheme.

Non-NC-based Block ACK Scheme
After decoding a frame of W packets, each relay node Rj , j = 1, 2, . . . , N, generates block
ACK packet ΘSRj while D generates (N + 1) block ACK packets ΘR1 D , ΘR2 D , . . . , ΘRN D , and
ΘSD . Note that the length of each block ACK packet is W bits. Let ΩS and ΩRj denote the
W -bit retransmission indication packets (RIPs) generated at S and Rj , respectively, in which bit
‘1’ indicates that the corresponding data packet needs to be retransmitted while bit ‘0’ indicates
otherwise. The RIPs can be obtained as follows:
ΩS = ΘSR1 ⊗ ΘSR2 ⊗ · · · ⊗ ΘSRN ⊗ ΘSD ,
ΩRj = ΘR1 D ⊗ ΘR2 D ⊗ · · · ⊗ ΘRN D ⊗ ΘSD ⊗ ΘSRj ,

(1a)
(1b)

respectively, where ⊗ denotes the bitwise AND operator and ΘAB is the bitwise complement of
ΘAB . Note that (1a) and (1b) are based on the principle of cooperative retransmission, i.e., the
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source node retransmits the packets that are lost at all the relay and destination nodes, whereas
each relay node retransmits only those packets that it correctly decodes but the destination node
fails to do so.
Our Proposed NC-based Block ACK Scheme
Instead of sending (2N + 1) block ACK packets, {ΘSRj }, {ΘRj D }, and ΘSD , as in the nonNC-based block ACK scheme, our proposed NC-based block ACK scheme only needs to send
(N + 1) block ACK packets, {ΘSRj } and ΘD , at R(N ) and D, respectively. While {ΘSRj } is
generated at R(N ) as in the non-NC-based scheme, ΘD is created at D as follows:
ΘD = ΘR1 D ⊗ ΘR2 D ⊗ · · · ⊗ ΘRN D ⊗ ΘSD .

(2)

The RIPs, ΩS and ΩRj , j = 1, 2, . . . , N , can be obtained by
ΩS = ΘSR1 ⊗ ΘSR2 ⊗ · · · ⊗ ΘSRN ⊗ ΘD ,
(
)
ΩRj = ΘD ⊕ ΘSRj ⊗ ΘD ,

(3a)
(3b)

respectively, where ⊕ denotes the bitwise XOR operator. In (3a), the determination of packets
to be retransmitted at S follows the principle that the source node retransmits the packets that
are lost at all R(N ) and D. Particularly, the idea behind (3b) is originated from NC in the sense
that Rj resends those packets that are correctly decoded at Rj but fails to be decoded at D and
that are not to be resent by S. Thus, the packets that Rj needs to retransmit are determined by
(
)
an XOR operation of ΘD and ΘSRj ⊗ ΘD . It is noted that (3b) is different from (1b).
Remark 1 (Higher Reliability). The proposed NC-based scheme can determine the packets to be
retransmitted more reliably than the non-NC-based scheme. In our proposed NC-based scheme
as shown in (3a), to determine ΩS , besides N block ACK packets from R(N ) , i.e., ΘSR1 , ΘSR2 ,
. . . , ΘSRN , a block ACK packet ΘD is required from D instead of ΘSD as in the non-NC-based
scheme shown in (1a). From (2), ΘD is determined by combining the block ACK packets of links
R(N ) → D and S → D. This means that the creation of ΘD depends on decisions of various
links, and thus, we can improve the decision reliability of the packets to be retransmitted at S.
Additionally, in the non-NC-based scheme as shown in (1b), to determine ΩRj at each Rj , a total
of (N + 1) block ACK packets, ΘR1 D , ΘR2 D , . . . , ΘRN D , and ΘSD , are required. Contrastingly,
in our proposed NC-based scheme as shown in (3b), only one packet, ΘD , needs to be known
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to determine ΩRj at Rj . Therefore, our proposed NC-based scheme has a lower probability of
error in the determination of packets to be retransmitted at Rj since only one packet, ΘD , has to
be detected correctly. Furthermore, it can be seen that the number of packets to be retransmitted
depends on the quality of backward links and block ACK schemes. Compared with the non-NCbased block ACK scheme over the same backward environment, our proposed NC-based scheme
achieves a higher reliability in the determination of packets to be retransmitted, and thus less
data retransmissions are needed.
Remark 2 (Lower Complexity). If the computational complexity is measured by the number of
binary operations (e.g., XOR, AND, and complement) to determine the packets to be retransmitted at the relays and the source, i.e., the number of required operations to compute ΩS and ΩRj ,
j ∈ {1, 2, . . . , N }, our proposed NC-based scheme has lower complexity than the non-NC-based
scheme. It can be seen from (1a) and (1b) that the numbers of operations performed at S and Rj
are N and (N + 2), respectively. Thus, a total of (N 2 + 3N ) operations is required in the nonNC-based block ACK scheme. In our proposed NC-based scheme, N operations are required
at D, while no operation is performed at D in the non-NC-based scheme. However, in our
proposed NC-based scheme, the complexity at Rj is significantly low since only 2 operations
are required at Rj (see (3b)). In addition, N operations are required at S according to (3a).
Thus, a total of 4N operations is required in our proposed NC-based scheme, which results in a
quadratic reduction of (N 2 − N ) operations compared to the non-NC-based block ACK scheme.
This reduction is substantial when N increases. For example, only 20 operations are required
when N = 5 (i.e., 50% reduced), while only 8 operations are required when N = 2 (i.e., 20%
reduced).
IV. A NALYSIS OF E RROR P ROBABILITY OF B LOCK ACKNOWLEDGEMENT T RANSMISSION
In this section, we first present signal models for the transmission of block ACK packets
through backward links. Then, we will derive the probability of error in the determination of
packets to be retransmitted, i.e., the retransmission decision error probability (RDEP), at the
relay and source nodes in our proposed NC-based scheme.
We assume that the channels for all links are Rayleigh flat fading channels. The channel
gains for forward links S → Rj , Rj → D, j ∈ {1, 2, . . . , N }, and S → D are denoted by
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hSRj , hRj D , and hSD , respectively. Similarly, the channel gains for backward links Rj → S,
D → Rj , and D → S are denoted by hRj S , hDRj , and hDS , respectively. After receiving a frame
of W packets from S in the first hop of the transmission, each Rj creates a block ACK packet
ΘSRj , j = 1, . . . , N , and sends it back to S. The signal received at S from Rj can be written as
√
yRj S = ΓRj S hRj S xSRj + nRj S ,
(4)
where ΓRj S is the power level for the block ACK signal of link Rj → S, xSRj is the binary phase
shift keying (BPSK) modulated signal of ΘSRj , and nRj S is an independent circularly symmetric
complex Gaussian (CSCG) noise vector with each entry having zero mean and variance of N0 .
From yRj S , S can detect ΘSRj . Let Θ̂SRj denote the detected ΘSRj . Assume that the channels
for the backward links are invariant over the whole transmission of block ACK sequences and
known to all the nodes in the network.
At the same time, D generates ΘSD corresponding to the error of the packets transmitted
from S. The data packets forwarded from each Rj in the second hop of the transmission are
acknowledged by packet ΘRj D . Thus, we have (N + 1) block ACK packets generated at D, i.e.,
ΘSD and {ΘRj D }. Then, D generates a new combined block ACK packet, denoted as ΘD , as
described in (2). ΘD is sent to S and all {Rj }. The received signals at S and Rj , j = 1, . . . , N ,
can be written as

√
yDS = ΓDS hDS xD + nDS ,
√
yDRj = ΓDRj hDRj xD + nDRj ,

(5)
(6)

respectively. Here, ΓDS and ΓDRj are the power levels for the block ACK signals of the two
links D → S and D → Rj , respectively, xD is the BPSK modulated signal of ΘD , and nDS
and nDRj are independent CSCG noise vectors with each entry having zero mean and variance
of N0 . From (5) and (6), S and Rj can detect ΘD as Θ̂D,0 and Θ̂D,j , respectively.
The RIPs at S and Rj are given, respectively, by
Ω̂S = Θ̂SR1 ⊗ Θ̂SR2 ⊗ · · · ⊗ Θ̂SRN ⊗ Θ̂D,0 ,
)
(
Ω̂Rj = Θ̂D,j ⊕ ΘSRj ⊗ Θ̂D,j .

(7)
(8)

Next, we derive a closed-form expression for the RDEP at both S and R1 in our proposed
NC-based scheme for the one-relay network (N = 1). Eqs. (7) and (8) now become:
Ω̂S = Θ̂SR1 ⊗ Θ̂D,0 ,

(9)
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(
)
Ω̂R1 = Θ̂D,1 ⊕ ΘSR1 ⊗ Θ̂D,1 ,

(10)

respectively. The RDEP at S and R1 can be defined as the bit error probability (BEP) of ΩS
given by (9) and BEP of ΩR1 given by (10), respectively.
Without loss of generality, let us consider only the first bit in each block ACK and RIP packet.
In particular, let aS and aR1 denote the first bits of ΩS and ΩR1 , respectively. Similarly, bD and
bSR1 represent the first bits of ΘD and ΘSR1 , respectively. From (9) and (10), the BEP of ΩS
and ΩR1 can be obtained as follows:
Pb (EΩS ) = Pr (âS = 0|aS = 1) Pr (aS = 1) + Pr (âS = 1|aS = 0) Pr (aS = 0)
(
)
= Pr b̂SR1 ⊗ b̂D,0 = 0|bSR1 bD = 1 Pr (bSR1 bD = 1)
(
)
+ Pr b̂SR1 ⊗ b̂D,0 = 1|bSR1 bD = 0 Pr (bSR1 bD = 0) ,
(
)
Pb EΩR1 = Pr (âR1 = 0|aR1 = 1) Pr (aR1 = 1) + Pr (âR1 = 1|aR1 = 0) Pr (aR1 = 0)
(
) (
)
= Pr b̂D,1 ⊕ (bSR1 ⊗ b̂D,1 ) = 0|b̄SR1 bD = 1 Pr b̄SR1 bD = 1
(
) (
)
+ Pr b̂D,1 ⊕ (bSR1 ⊗ b̂D,1 ) = 1|b̄SR1 bD = 0 Pr b̄SR1 bD = 0 ,

(11)

(12)

where âS , âR1 , b̂SR1 , b̂D,0 , and b̂D,1 denote the first bit in Ω̂S , Ω̂R1 , Θ̂SR1 , Θ̂D,0 , and Θ̂D,1 ,
respectively. We observe that b̂D,1 ⊕ (bSR1 ⊗ b̂D,1 ) = 0 if bSR1 = 1. Consequently, Pr(b̂D,1 ⊕
(bSR1 ⊗ b̂D,1 ) = 1|bSR1 = 1, bD = 0) = 0 and Pr(b̂D,1 ⊕ (bSR1 ⊗ b̂D,1 ) = 1|bSR1 = 1, bD = 1) = 0.
Thus, (12) can be rewritten as
(
)
(
)
Pb EΩR1 = Pr b̂D,1 ⊕ (bSR1 ⊗ b̂D,1 ) = 0|bSR1 = 0, bD = 1 Pr (bSR1 = 0) Pr (bD = 1)
(13)
(
)
+ Pr b̂D,1 ⊕ (bSR1 ⊗ b̂D,1 ) = 1|bSR1 = 0, bD = 0 Pr (bSR1 = 0) Pr (bD = 0) .
For simplicity, we assume that the channels for both forward and backward links are independent
Rayleigh flat fading. That is, hAB ∼ CN (0, 1), A, B ∈ {S, R1 , D}, A ̸= B and hAB ̸= hBA . In
this case, the BEP for signal transmission through link A → B, A, B ∈ {S, R1 , D}, A ̸= B,
over a Rayleigh flat fading channel is given by [15]
Pb (EAB ) = ϕ(γAB ),

(14)

where γAB is the average SNR given by γAB = ΓAB /N0 , ΓAB is the power level of the signal
(
√ x )
1
transmitted through the link A → B, and ϕ(x) , 2 1 − 1+x .
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Lemma 1. The RDEPs at S and R1 are given by
Pb (EΩS ) = ζ11 αβ + ζ01 (1 − α)β + ζ10 α(1 − β) + ζ00 (1 − α)(1 − β),
Pb (EΩR1 ) = ξ(1 − α),

(15a)
(15b)

respectively, where α = ϕ(γSR1 ), β = ϕ(γR1 D )ϕ(γSD ), ζ00 = ϕ(γR1 S )ϕ(γDS ), ζ01 = ϕ(γR1 S )[1 −
ϕ(γDS )], ζ10 = [1−ϕ(γR1 S )]ϕ(γDS ), ζ11 = ϕ(γR1 S )+ϕ(γDS )−ϕ(γR1 S )ϕ(γDS ), and ξ = ϕ(γDR1 ).
Proof: For convenience, let α′ = Pr (bSR1 = 1), β ′ = Pr(bD = 1), ζij′ = Pr(b̂SR1 ⊗ b̂D,0 =
i ⊗ j|bSR1 = i, bD = j), and ξi′ = Pr(b̂D,1 ⊕ (bSR1 ⊗ b̂D,1 ) = i|bSR1 = 0, bD = i), {i, j} ∈ {0, 1}.
Then, (11) and (13) can be rewritten as
′
′
′
′
(1 − α′ )(1 − β ′ ),
α′ (1 − β ′ ) + ζ00
Pb (EΩS ) = ζ11
α′ β ′ + ζ01
(1 − α′ )β ′ + ζ10

)
(
Pb EΩR1 = ξ1′ (1 − α′ )β ′ + ξ0′ (1 − α′ )(1 − β ′ ),
respectively. Now, we need to find α′ , β ′ , ζij′ , and ξi′ .
Let us first find α′ and β ′ . We observe that bSR1 = 1 if there are errors in the data transmission
over forward link S → R1 , and bD = 1 if bSD = 1 and bR1 D = 1, i.e., if the data transmission
over both links S → D and R1 → D has errors. Thus, α′ and β ′ can be given by
α′ = Pb (ESR1 ) = ϕ(γSR1 ) = α,
β ′ = Pb (ER1 D )Pb (ESD ) = ϕ(γR1 D )ϕ(γSD ) = β.
Here, ζij′ , {i, j} ∈ {0, 1} can be found as
′
ζ00
= Pb (EΘSR1 )Pb (EΘD,0 ),
′
ζ01
= Pb (EΘSR1 )(1 − Pb (EΘD,0 )),
′
ζ10
= (1 − Pb (EΘSR1 ))Pb (EΘD,0 ),
′
′
′
′
= Pb (EΘSR1 ) + Pb (EΘD,0 ) − Pb (EΘSR1 )Pb (EΘD,0 ),
+ ζ10
+ ζ01
= ζ00
ζ11

where Pb (EΘSR1 ) and Pb (EΘD,0 ) denote the BEPs of ΘSR1 and ΘD , respectively, at S. Applying
(14), Pb (EΘSR1 ) and Pb (EΘD,0 ) can be given by
Pb (EΘSR1 ) = ϕ(γR1 S ),
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Pb (EΘD,0 ) = ϕ(γDS ).
Therefore, we obtain
′
= ϕ(γR1 S )ϕ(γDS ) = ζ00 ,
ζ00
′
ζ01
= ϕ(γR1 S )[1 − ϕ(γDS )] = ζ01 ,
′
ζ10
= [1 − ϕ(γR1 S )]ϕ(γDS ) = ζ10 ,
′
ζ11
= ϕ(γR1 S ) + ϕ(γDS ) − ϕ(γR1 S )ϕ(γDS ) = ζ11 .

We observe that ξi′ , i = 0, 1, depends only on the estimation of ΘD at R1 . Thus, ξi′ can be
given by
ξ0′ = ξ1′ = Pb (EΘD,1 ),
where Pb (EΘD,1 ) denotes the BEP of ΘD at R1 . From (14), we obtain
ξ0′ = ξ1′ = ϕ(γDR1 ) = ξ.
Finally, we obtain a closed-form expression for the RDEP at S and R1 as (15a) and (15b),
respectively.
Remark 3 (Impact of Transmission Links on RDEP at S). As seen from (15a), RDEP at S
is influenced by the qualities of all outgoing forward links (i.e., S → R1 , R1 → D, and
S → D) and two incoming backward links (i.e., R1 → S and D → S). Specifically, Pb (EΩS )
monotonically increases over α, β, ϕ(γR1 S ), or ϕ(γDS ). This can be seen by taking the derivative
of Pb (EΩS ) with respect to α, β, ϕ(γR1 S ), and ϕ(γDS ) as follows:
∂Pb (EΩS )
∂α
∂Pb (EΩS )
∂β
∂Pb (EΩS )
∂ϕ(γR1 S )
∂Pb (EΩS )
∂ϕ(γDS )

= ϕ(γDS )β + ϕ(γDS )[1 − 2ϕ(γR1 S )](1 − β) > 0,
= ϕ(γR1 S )α + ϕ(γR1 S )[1 − 2ϕ(γDS )](1 − α) > 0,
= [1 − ϕ(γDS )]β + ϕ(γDS )(1 − β)(1 − 2α) > 0,
= [1 − ϕ(γR1 S )]α + ϕ(γR1 S )(1 − α)(1 − 2β) > 0.

This implies that if the quality of any forward and backward links S → R1 , R1 → D, S → D,
R1 → S, and D → S is improved, lower determination error of retransmissions at S is expected.
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In fact, it can be drawn from an intuitive observation that the quality of any outgoing and
incoming links at S influences, in a monotonically increasing manner, the RDEP at S.
Remark 4 (Impact of Transmission Links on RDEP at R1 ). As seen from (15b), RDEP at
R1 is influenced by the qualities of two incoming links including a forward link S → R1
and a backward link D → R1 . However, RDEP at R1 is independent of the outgoing links
(i.e., R1 → S and R1 → D). Specifically, Pb (EΩR1 ) monotonically increases over ξ but
monotonically decreases over α. This means that the reliability of the determination of packets
to be retransmitted at R1 would be improved if either the quality of the backward link D → R1
increases or that of the forward link S → R1 deteriorates. In fact, we can intuitively observe
that the increase of the quality of backward link D → R1 obviously improves the RDEP at
R1 , and R1 would be released from the responsibility of helping S retransmit a packet to D if
this packet received from S is corrupted. Thus, if the number of corrupted packets received at
R1 from S increases, i.e., α increases, the RDEP at R1 would decrease. However, it should be
noted that if α increases, Pb (EΩS ) would increase as well, as discussed in Remark 3.
Remark 5 (Lower RDEP at S and R1 ). Our proposed NC-based block ACK scheme has a lower
RDEP at S and R1 than the non-NC-based scheme. This observation confirms the statement in
Remark 1. Following the non-NC-based block ACK scheme, the BEPs of ΩS and ΩR1 can be
derived as
Pb (EΩ′S ) = ζ11 αµ + ζ01 (1 − α)µ + ζ10 α(1 − µ) + ζ00 (1 − α)(1 − µ),
Pb (EΩ′R ) = ν1 (1 − α)β + ν0 (1 − α)(1 − β),
1

(16a)
(16b)

respectively, where
µ , Pr(bSD = 1),
ν1 , Pr(b̂R1 D ⊗ b̂SD ⊗ b̄SR1 = 0|bSR1 = 0, bR1 D = 1, bSD = 1),
ν0 , Pr(b̂R1 D ⊗ b̂SD ⊗ b̄SR1 = 1|bSR1 = 0, bR1 D ⊗ bSD = 0).
Similar to the proof of Lemma 1, ν1 and ν0 can be found as
ν0 = ν1 = ν = ϕ(γDR1 )[1−ϕ(γDR1 )]+[1−ϕ(γDR1 )]ϕ(γDR1 )+[ϕ(γDR1 )]2 = 2ϕ(γDR1 )−[ϕ(γDR1 )]2 .
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Thus, (16b) can be rewritten as
Pb (EΩ′R ) = ν(1 − α).
1

It can be seen that Pr(bSD = 1) > Pr(bD = 1) = Pr(bSD = 1)Pr(bR1 D = 1), i.e., µ > β, and
2ϕ(γDR1 ) − [ϕ(γDR1 )]2 > ϕ(γDR1 ), i.e., ν > ξ. Thus, Pb (EΩ′S ) and Pb (EΩ′R ) in (16a) and (16b)
1

are greater than Pb (EΩS ) and Pb (EΩR1 ) in (15a) and (15b), respectively.
To understand further the behaviour of the error probabilities in (15a) and (15b), we consider
some asymptotic scenarios of forward links where links S → R1 and R1 → D are considered
at either very low or high SNR (see Table I)3 . We assume that the direct link, S → D, has a
very low SNR (i.e., γSD → 0) (as this is the main motivation for using relay-assisted cooperative
transmissions). These asymptotic scenarios allow us to extend our error probability analysis to
an N -relay network.
TABLE I
S PECIFIC ANALYSIS SCENARIOS

Scenario 1

High-SNR S → R1

High-SNR R1 → D

Scenario 2

High-SNR S → R1

Low-SNR R1 → D

Scenario 3

Low-SNR S → R1

High-SNR R1 → D

A. Scenario 1: High-SNR S → R1 and high-SNR R1 → D
In this scenario, γSR1 → ∞, γR1 D → ∞, γSD → 0, α ≈ 0 and β ≈ 0. Thus, Pb (EΩS ) and
Pb (EΩR1 ) can be approximated as
Pb (EΩS ) ≈ ζ00 = ϕ(γR1 S )ϕ(γDS ),
Pb (EΩR1 ) ≈ ξ = ϕ(γDR1 ).
(N )

Extended to an N -relay network, Pb
(N )

Pb

(17a)
(17b)

(EΩS ) can be computed by

(N )

(EΩS ) ≈ ζ00 = Pr {âS = 1|bSR(N ) = 0, bD = 0}

(18)

= ϕ(γR1 S )ϕ(γR2 S ) · · · ϕ(γRN S )ϕ(γDS ).
3

Note that we do not consider the scenario where both links S → R1 and R1 → D are at low SNR because it is expected

that the relay node is in a reasonable condition for relaying.
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(N )

Similar to a one-relay network, Pb

(EΩRj ), j = 1, 2, . . . , N, is given by
(N )

Pb

(EΩRj ) ≈ ϕ(γDRj ).

(19)

B. Scenario 2: High-SNR S → R1 and low-SNR R1 → D
In this scenario, γSR1 → ∞, γR1 D → 0, γSD → 0, α ≈ 0 and β ≈ 1/4. Thus, Pb (EΩS ) and
Pb (EΩR1 ) can be approximated as
3
1
1
Pb (EΩS ) ≈ ζ01 + ζ00 = ϕ(γR1 S ) [1 + 2ϕ(γDS )] ,
4
4
4
Pb (EΩR1 ) ≈ ξ = ϕ(γDR1 ).
(N )

Extended to an N -relay network, Pb
(N )

Pb

(20a)
(20b)

(EΩS ) can be computed by

(EΩS ) ≈

1

(N )

ζ
+
2N +1 01

2N +1 − 1 (N )
ζ ,
2N +1 00

(21)

(N )

where ζ00 is given by (18) and
(N )

ζ01 = Pr {âS = 1|bSR(N ) = 0, bD = 1}

(22)

= ϕ(γR1 S )ϕ(γR2 S ) · · · ϕ(γRN S )[1 − ϕ(γDS )].
(N )

Similar to a one-relay network, Pb

(EΩRj ), j = 1, 2, . . . , N, is given by
(N )

Pb

(EΩRj ) ≈ ϕ(γDRj ).

(23)

C. Scenario 3: Low-SNR S → R1 and High-SNR R1 → D
In this scenario, γSR1 → 0, γR1 D → ∞, γSD → 0, α ≈ 1/2 and β ≈ 0. Thus, Pb (EΩS ) and
Pb (EΩR1 ) can be approximated as
1
1
1
Pb (EΩS ) ≈ ζ10 + ζ00 = ϕ(γDS ),
2
2
2
1
1
Pb (EΩR1 ) ≈ ξ = ϕ(γDR1 ).
2
2
(N )

Extended to an N -relay network, Pb
(N )

Pb

(24a)
(24b)

(EΩS ) can be computed by

(EΩS ) ≈

1 (N ) 2N − 1 (N )
ζ
+
ζ ,
2N 10
2N 00

(25)

(N )

where ζ00 is given by (18) and
(N )

ζ10 = Pr {âS = 1|bSR(N ) = 1, bD = 0}
= [1 − ϕ(γR1 S )][1 − ϕ(γR2 S )] · · · [1 − ϕ(γRN S )]ϕ(γDS ).

(26)
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(N )

Similar to a one-relay network, Pb

(EΩRj ), j = 1, 2, . . . , N, is given by

(N )

Pb

1
(EΩRj ) ≈ ϕ(γDRj ).
2

(27)

Remark 6 (Comparison of Scenarios). Let us investigate the sum-RDEP of the whole system
defined by Pb (E) , Pb (EΩS )+Pb (EΩR1 ). It can be observed that a high SNR of the forward links
in Scenario 1 leads to a lower Pb (E) compared to Scenario 2. However, this is not always the
case when compared to Scenario 3. For convenience, let Pb,i (E) denote the Pb (E) of Scenario
i and let δij , Pb,i (E) − Pb,j (E), i, j ∈ {1, 2, 3}. We have

δ23

1
δ12 = Pb,1 (E) − Pb,2 (E) = ϕ(γR1 S ) [2ϕ(γDS ) − 1] ,
4
1
1
δ13 = Pb,1 (E) − Pb,3 (E) = ϕ(γDS )[2ϕ(γR1 S ) − 1] + ϕ(γDR1 ),
2
2
1
1
1
= Pb,2 (E) − Pb,3 (E) = ϕ(γR1 S ) [1 + 2ϕ(γDS )] − ϕ(γDS ) + ϕ(γDR1 ).
4
2
2

It can be seen that δ12 < 0 for all γR1 S , γDS , γDR1 . On the other hand, the other two functions,
δ13 and δ23 , can be zero at some values of γR1 S , γDR1 or γDS . In particular, in these equations,
δ13 = 0 and δ23 = 0 have only one root with respect to either γR1 S , γDR1 or γDS . This clearly
shows that the sum-RDEP, Pb (E), in Scenario 2 can be lower or higher than that in Scenario 3
depending on the values of γR1 S , γDR1 , and γDS , which is understandable. However, the same
cannot be said for the result with δ13 which shows that the sum-RDEP in Scenario 3 can be
lower than that in Scenario 1, which is surprising. Actually, this is implied by Remark 4, where
it is shown that Pb (EΩR1 ) can be lower as the SNR of link S → R1 is lower. This behaviour
will be further confirmed by simulations in Section V.
V. N UMERICAL R ESULTS
In this section, we present simulation results of the RDEP and the average number of packets
to be retransmitted at the source and relay nodes for different block ACK schemes when both
forward and backward channels experience Rayleigh flat fading. Computer simulations are carried
out for a typical one-relay network consisting of three nodes S, R1 , and D with BPSK for
signaling and no channel coding. At S and R1 , errors occur if the packets required to be
retransmitted are different from the actually retransmitted packets.

sum-RDEP
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Investigating the whole system, in Fig. 3, the sum-RDEP, i.e., the summation of BEPs of ΩS
and ΩR1 , is shown for various values of the SNR of link R1 → S with respect to the following
scenarios of the forward links.
•

Scenario 1: γSR1 = 20 dB, γR1 D = 20 dB, and γSD = −20 dB

•

Scenario 2: γSR1 = 20 dB, γR1 D = −20 dB, and γSD = −20 dB

•

Scenario 3: γSR1 = −20 dB, γR1 D = 20 dB, and γSD = −20 dB

The SNRs of the other backward links D → R1 and D → S are assumed to be 10 dB and 0
dB, respectively. First of all, it can be observed in Fig. 3 that the sums of the error probabilities
at S and R1 given by (17a) and (17b), (20a) and (20b), (24a) and (24b) are consistent with
the simulation results. As expected, a better performance is achieved in Scenario 1 compared to
Scenario 2. However, when comparing Scenario 1 and Scenario 2 with Scenario 3, we can not
reach such an explicit conclusion since there are cross-over points among the Pb (E) curves. This
observation confirms the statement in Remark 6 where the performance of these three scenarios
is theoretically compared, i.e., we always achieve a better performance with Scenario 1 when
compared to Scenario 2 but we can not conclude the absolute relationship when comparing
Scenario 1 or Scenario 2 with Scenario 3. We can also see that Pb (E) in Scenario 3 does not
depend on γR1 S as shown in (24a) and (24b). Finally, it can be seen that the performance of
our proposed NC-based block ACK scheme is better than the non-NC-based scheme for all
scenarios. This performance improvement, as explained in Remarks 1 and 5, is achieved by the
reduced number of block ACK transmissions in our proposed NC-based block ACK scheme.
The impact of SNR of link D → S on the sum-RDEP is shown in Fig. 4, where the SNRs
of the other backward links, R1 → S and D → R1 , are assumed to be equal to 10 dB.
The behaviour which was discussed in Remarks 1, 5 and 6 can be observed, i.e., the better
performance is achieved with our proposed NC-based scheme for all three scenarios and the
relationship between these scenarios are confirmed. In addition, since γR1 S and γDR1 are fixed
at 10 dB which can be assumed to be a high SNR level, the sum-RDEPs in Scenario 1 and
Scenario 2 are close to each other and do not depend particularly on γDS . On the other hand,
the sum-RDEP in Scenario 3 depends only on γDS and γDR1 , and as such, there is a significant
improvement on the sum-RDEP when γDS increases.
For the comparison of the average number of data retransmissions required for the whole
system to transmit one packet from the source to the destination using different block ACK
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schemes, let us consider Scenario 1 with the similar assumption of the SNRs of the forward and
backward links. In Figs. 5 and 6, the average number of data retransmissions is plotted versus
the SNR of backward links R1 → S and D → S, respectively. It can be seen that our proposed
NC-based block ACK scheme reduces the average number of data retransmissions compared
with the non-NC-based scheme over the backward links. We observe that the reduction of the
number of packets to be retransmitted in Figs. 5 and 6 is corresponding to the lower sum-RDEPs
achieved with our proposed NC-based scheme for Scenario 1 in Figs. 3 and 4, respectively. This
significant improvement not only reflects the high reliability of our proposed NC-based scheme
in the determination of packets to be retransmitted which is stated in Remarks 1 and 5, but also
implies the improvement of system throughput with our proposed NC-based block ACK scheme.
VI. C ONCLUSIONS
In this paper, we have proposed a network coding (NC)-based block acknowledgement scheme
for multi-relay based cooperative networks. Using the notion of NC, the source and relay nodes
can simultaneously determine the data packets to be retransmitted with a reduced number of
block ACK packets. This NC-based block ACK scheme can effectively reduce the number of
block ACK packets sent from the destination. This reduction results in a lower computational
complexity, a more reliable determination of packets to be retransmitted, and a decreased number
of data retransmissions at the source and relays compared to the non-NC-based block ACK
scheme. Reduced number of retransmissions actually means freeing up more bandwidth and
increasing overall network throughput. An error probability analysis for the determination of
packets to be retransmitted has been carried out with respect to the SNR of forward and backward
links. The derived expression of error probability reflects well the impact of the quality of both the
forward and backward links upon the performance of block ACK schemes. Furthermore, general
expressions for multi-relay networks have been derived for three asymptotical scenarios of
forward links. In addition, simulations have been carried out which have confirmed the analytical
results. For future work, opportunistic block ACK transmission schemes will be investigated for
multi-relay networks where relay selection is taken into consideration. Also, we will investigate
the delay time performance achieved with our proposed block ACK scheme for specific scenario
implementations.
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